The paper presents a performance analysis of certain eigenstructure based methods (MUSIC type) with suitable forward-only and forward/backward smoothing schemes employed to decorrelated coherent sources. Bias and resolution thresholds are derived for two coherent sources with different phase and unequal power. The effect of phase difference and power ratio on the resolution threshold is discussed. For the case of forwardbackward smoothing and two coherent sources with same phase and equal power, the resolution threshold reduces to that obtained by Pillai et al. Detailed computer simulations which confirm the analysis are also presented.
Introduction
High-resolution eigenstructure based techniques [ 1-6 1 can estimate the directions of arrival (DOAs) of incoherent and partially coherent sources. For coherent sources, these techniques may be modified by preprocessing smoothing techniques [7-91, which can decorrelate the coherence between sources. The eigenstructure-based techniques can resolve any two closely spaced sources when the ensemble covariance matrix is available. However, in reality, the covariance matrix is estimated from finite array sample data. The deviation between the estimated and the ensemble covariance matrices produces a biased estimation, and these techniques have different performances.
Recently, Kaveh et al. [lo] derived the expressions of the bias and resolution threshold, the signal-to-noise ratio (SNR) at which two closely spaced sources can be resolved, of the MUSIC method for two uncorrelated sources. Later Pillai et al. [ l l , 121 presented the bias and resolution threshold of the MUSIC method with a forward/backward smoothing scheme for two coherent sources of equal power and the same phase. Since two coherent sources usually have different phase and power, we derive in this paper the bias and resolution thresholds of the MUSIC method for such two coherent sources. Instead of solving for eigencomponents of the covariance matrix, the derivation involves the sum and product of the two largest eigenvalues. The bias and resolution thresholds are obtained for both the forward/backward and forward-only smoothing schemes.
Problem formulation and previous results
Consider a uniform linear array illuminated by two coherent narrow-band sources with complex waveforms u(t) and IpJe'%(t) and DOAs 8 , and 8, with respect to the array broadside, where Ip I and 4 represent the relative amplitude attenuation and phase delay of the second source with respect to the first source. Without loss of generality, let us assume that IpI < 1. To estimate the DOAs of the two coherent sources, the array is grouped into K subarrays, each with M sensors. With the assumption that the signals and noises are stationary, zero mean circular Gaussian independent random processes ~ and, further, the noises are IID (independent and identically distributed) with common variance a2, the ensemble forward smoothed covariance matrix of the K subarrays can be written as where In the above equations, E and H denote expectation and hermitian, respectively, and a(wi) is the normalised direction vector associated with Bi , It is known that in R , the two coherent sources are decorrelated when K 2 2. To reduce the number of extra sensors required for smoothing, the ensemble forward/ backward smoothed covariance matrix can be formed as
where Tis the reverse permutation matrix 0 . . . . . . with '*' representing conjugation. In R, the two coherent sources are decorrelated with K 2 1 except when the phase difference between the two coherent sources is either 0" or 180" at the array aperture centre in the case ofK = 1. The MUSIC method can estimate the DOAs of the two coherent sources using either the forward-only smoothed or the forward/backward smoothed covariance matrices. With the ensemble covariance matrices R, and R described as above, the MUSIC method can resolve any two closely spaced coherent sources. Practically, the covariance matrix is estimated from array sample data. The difference between the estimated covariance matrix and the ensemble covariance matrix results in a biased estimation of DOAs. Recently, Pillai et al. [12] Here, r i k l j is given by f % K K for forward/ for forwardonly smoothing (13) In eqn. 13, po = K -p + 1, 4,, = K -q + 1 and y j is the backward version of the vector By. Further,
where X{ (or Xp) is the output vector of the ith forward (or backward) subarray. For the forward/backward smoothing with K = 1, eqn. 10 reduces to
[ 123, the resolution threshold for two closely spaced sources is defined as the smallest SNR for which the following inequality is satisfied [lo] In reality, two coherent sources usually have different phase and power. We analyse in this paper the performance of the MUSIC method with forward/backward and forward-only smoothing schemes for such coherent sources. The number of subarrays K is chosen to be one for forward/backward smoothing and two for forwardonly smoothing (i.e. the minimum required).
3

Performance of MUSIC with forward/backward smoothing
The expressions of the bias and resolution threshold for the MUSIC scheme with forward/backward smoothing and K = 1 for two coherent sources with different phase and power are derived below. EIQ(oi)], i = 1, 2, is first evaluated by using eqn. 15 which is the general expression for the MUSIC scheme with forward/backward smoothing and K = 1 in the case of two coherent sources. Eqn. 15 involves the eigenvalues and eigenvectors associated with the signal subspace of the smoothed ensemble covariance matrix I?. For the case considered here, the expressions of the eigenvalues and eigenvectors are too complex to be used for evaluating the bias. In the analysis shown below, that problem is circumvented by using the sum and product of the two largest eigenvalues. In eqn. 19, pt is the effective correlation coefficient of the two coherent sources for forward/backward smoothing and
Since Q(w,) is much less than unity for two closely spaced sources and pi is smaller than p i , Q(o,)p; and Q(O,)@'~)' in eqn. 33 can be approximated by Q(o,)(,u; + p i ) and Q(o,)(dl pi)2, respectively. ThereSubstituting eqn. 27 into eqn. 15, the mean of the null spectrum in the directions of w1 and w2 can be obtained within the first-order approximation, as where C is defined as the array output SNR of the weaker source,
Similarly, to find the bias in the direction of o m , the factor 1 BFu(w,) 1 ' can be evaluated by premultiplying and postmultiplying eqn. 19 by # ( a , ) and a(o,), respectively, and this results in where pa is given by
From eqns. 30 and 31, we may obtain the E[Q(w,)] with the first-order approximation Premultiplying and postmultiplying eqn. 19 by #(mi) and a(w,), respectively, for i = 1, 2, we get the following equations 1 + IP121Ps12 + I P l P t P s + 1PIP:P:
= Pi IB?a(o1)l2 + Pi IP;4Wl)l2 (22) and where Tr ( .) denotes the trace of ( . ). From eqns. 21 and 34, the sum and product of pi and , U ; are given by
One can see from eqn. 28 that E[Q(w2)] 3 EIQ(ol)] for I p l2 d 1. Therefore, the resolution threshold is determined by the weaker source, which is the same as the conclusion drawn by Lee [13] for two uncorrelated sources. Substituting eqns. 28 and 33 into eqn. 37 and using Q(wm) N &A4 [lo, 131, we may get the resolution threshold,
For two closely spaced sources, it can be shown that the resolution threshold may be approximated as follows.
(a) For I sin 4 I 4 A :
It can be seen from eqn. 46 that the resolution threshold has a peak value when 8 approaches zero. This result comes from the fact that the MUSIC with forward/ backward smoothing and K = 1 can not decorrelate the two coherent sources with phase difference equal to ( M -l)w, or ( M -l)od -n. where t", is the resolution threshold for two coherent 1 In eqn. 48, r i k l j is not only dependent on the covariance matrices of the two subarrays, R ( , and R i 2 , but also related to the cross correlation matrices R i 2 and RI,. Concerning RJ1 defind by eqn. 14, it can be written as
where J , is
As to R { 2 , it is equal to Substituting eqn. 48 into eqn. 10 and using the following identity (shown in Appendix 9. l), it is proved in Appendix 9.2 that the expression for the mean of the null spectrum in the case of forward-only smoothing and K = 2 is given by It can be seen from eqn. 57 that for I p I = 1 and 4 = 0, N M 2 f T , where 5, is the resolution threshold for the forward/backward smoothing with K = 1 in similar source situations.
Computer simulations
Computer simulation results are presented in this section. We first simulated the bias and resolution threshold for the forwardbackward smoothing with K = 1. Fig. 1 presents the bias computed from eqn. 28 and the bias averaged from 30 independent simulation trials with M = 10, IpI = 1, SNR = 30dB, N = 100, and 4 = -60", 0" and 30". Fig. 2 shows the bias for 1p1 = 1 and ) p ) = 0.1 with M = 10, SNR of the second source =20 dB, dl = 69" and d2 = 75". Results show that the computed and averaged biases match very well. The resolution threshold was simulated with parameters the same as those used in Fig. 1 except that M = 7. Table 1 shows the probability of resolution averaged from a hundred independent trials for different SNR and angular separation. The resolution threshold is chosen to be the SNR where the probability of resolution is 0.5. Table 1 and that computed from eqn. 38. Fig. 4 shows the resolution threshold simulated with the same parameters as used in Fig. 2 . Again, the theoretical results agree with the results obtained from Monte Carlo simulations. From Figs. 3 and 4 , it may be observed that the resolution threshold has a peak value for 4 close to (M -1)Od or (M -1)wd -R. This result is consistant with the analysis in eqn. 46. The bias and resolution threshold for the forward-only smoothing with K = 2 is presented in Figs. 5-8 . Here, M is chosen to be ten in simulating both the bias and resolution threshold. 
Conclusion
We have derived the bias and resolution threshold of the MUSIC method with forward/backward smoothing and forward-only smoothing for two coherent sources with different phase and unequal power. The numbers of subarrays used for derivation are one for forward/backward smoothing and two for forward-only smoothing. Results show that the resolution threshold of the forward/ backward smoothing scheme is highly dependent on the phase difference between the two coherent sources whereas that of the forward-only smoothing is not, except when the power ratio of the two sources is close to 1. The resolution thresholds associated with both of these smoothing schemes also depend on the power ratio of the two sources and are mainly dictated by the SNR of the weaker source. The simulation results indicate that the resolution threshold of the forward/backward smoothing with K = 1 is usually smaller than that of the forwardonly smoothing with K = 2 except when the absolute value of the correlation coefficient is very close to unity, i.e. the phase difference between the two coherent sources is close to ( M -l)w, or ( M -l)o, -z. 
